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Abstract
The occurrence of the Bloom-Gilman local duality in the low-order moments of the
nucleon structure function is investigated for values of the squared four-momentum
transfer Q2 between ∼ 0.5 and 10 (GeV/c)2. At variance with previous analyses trun-
cated Cornwall-Norton moments, limited to the nucleon-resonance production regions,
are considered. The role played by target-mass corrections is illustrated, showing
that target-mass effects are necessary (but not sufficient) for producing the observed
Bloom-Gilman duality of the nucleon structure function. The possibility of a local
duality between the unphysical region at large values of the Nachtmann variable and
the nucleon elastic peak contribution is analyzed. It is found that the proton magnetic
form factor extracted assuming local duality is significantly below the experimental
data at low and intermediate values of Q2.
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1 Introduction
The investigation of inclusive inelastic lepton scattering off the nucleon (and nuclei) can shed
light on the notion of parton-hadron duality. The latter deals with the relation among the
physics of the nucleon-resonance production occurring at moderate values of the squared
four-momentum transfer, Q2, and the physics of Deep Inelastic Scattering (DIS) emerging
at high Q2. As it is well known, a local parton-hadron duality was observed empirically by
Bloom and Gilman [1] in the proton structure function measured at SLAC. More precisely,
they found that the smooth scaling curve F p2 (x
′) characterizing the DIS region at high Q2
represents a good average over the resonance bumps of the inclusive νW p2 (x
′, Q2) data seen
at low Q2 for the same values of an improved empirical variable x′ ≡ x/(1 +M2x2/Q2),
where x is the Bjorken scaling variable and M the nucleon mass.
Within QCD, a justification of the Bloom-Gilman (BG) duality was offered by De
Rujula, Georgi and Politzer [2] in terms of the Cornwall-Norton moments Mn(Q
2) of the
nucleon structure function, defined as
Mn(Q
2) ≡
∫
1
0
dξ ξn
F2(ξ, Q
2)
ξ2
(1)
where ξ is the Nachtmann variable (cf. [3])
ξ =
2x
1 +
√
1 + 4M
2x2
Q2
(2)
which properly generalizes the empirical BG variable x′ [ξ = x′ + O(M4x4/Q4)]. Using the
Operator Product Expansion (OPE) the authors of Ref. [2] argued that
Mn(Q
2) = An(Q
2) +
∞∑
k=1
(
n
γ2
Q2
)k
Bnk(Q
2) (3)
where the first term An(Q
2) is the result of perturbative QCD, while the remaining terms
Bnk(Q
2) are higher twists related to parton-parton correlations. In Eq. (3) the constant γ2
represents a scale constant for higher-twist effects. It is clear that a small value of γ2 (as
argued in Ref. [2] and, more recently, in Ref. [4]) makes it possible that for low values of n
and for Q2 ∼> M
2 the pQCD moments An(Q
2) are still leading, while resonances contribute
to the higher-twist terms Bnk(Q
2). Moreover, in Ref. [2] it was shown that the quantities
An(Q
2) are the Cornwall-Norton moments of a smooth structure function, which can be
identified with the average function F TM
2
(ξ, Q2) occurring in the BG local duality, namely:
An(Q
2) =
∫
1
0
dξ ξn
F TM
2
(ξ, Q2)
ξ2
(4)
with
F TM
2
(ξ, Q2) =
x2
(1 + 4M
2x2
Q2
)3/2
F S
2
(ξ, Q2)
ξ2
+ 6
M2
Q2
x3
(1 + 4M
2x2
Q2
)2
∫
1
ξ
dξ′
F S
2
(ξ′, Q2)
ξ′2
+
2
+ 12
M4
Q4
x4
(1 + 4M
2x2
Q2
)5/2
∫
1
ξ
dξ′
∫
1
ξ′
dξ”
F S
2
(ξ”, Q2)
ξ”2
(5)
where the ξ-dependence as well as the various integrals appearing in the r.h.s. account
for target-mass effects in the OPE of the hadronic tensor. The latter appear as power
corrections, which are however of kinematical origin, i.e. not related to partonic correlations.
In Eq. (5) F S
2
(x,Q2) represents the scaling structure function, fitted to high Q2 data and
extrapolated down to low values of Q2 by the pQCD evolution equations [5]; namely, in
terms of the parton distribution functions qf (x,Q
2) one has:
F S
2
(x,Q2) =
∑
f
e2f x
[
qf (x,Q
2) + q¯f(x,Q
2)
]
(6)
Note that the scaling function F S
2
enters Eq. (5) with its argument x directly replaced by
the Nachtmann variable ξ.
Thus, the suggestion of Ref. [2], applied to the analysis of available nucleon and
nuclear inclusive data in Refs. [6, 7], is that the BG duality manifests itself as the domi-
nance of the leading-twist moments An(Q
2) in the Q2 behaviour of the low-order moments
Mn(Q
2), starting from a value Q2 ≃ Q2BG almost independent of the order n of the moment
c.
At variance with the analyses of Refs. [6, 7], where the Cornwall-Norton and Nachtmann
definitions of the moments have been considered, in this work truncated Cornwall-Norton
moments, limited to the nucleon-resonance production regions, will be employed. This choice
is worthwhile in view of the forthcoming high-precision data from JLAB [8], which are ex-
pected to cover the nucleon-resonance production regions.
Our aim is twofold: i) to clarify that the BG duality does not follow from a
compensation among dynamical and kinematical power corrections; in this respect, we will
show that the main role played by target-mass corrections is to make the dual function (5)
only smoothly dependent on Q2, so that the latter at low Q2 can resemble the scaling curve
seen at high Q2; ii) to show in a direct way that the concept of BG duality cannot be
extended to the nucleon elastic peak. As for the latter point, note that the inelastic part of
the structure function F2(ξ, Q
2) is vanishing beyond the pion inelastic threshold
ξpi ≡
2xpi
1 +
√
1 + 4M
2x2
pi
Q2
≤ 1 (7)
where xpi = Q
2/[Q2 + (M + mpi)
2 − M2], so that for ξpi ≤ ξ ≤ 1 the function F2(ξ, Q
2)
contains only the nucleon elastic peak contribution. Since the theoretical dual function (5) is
non-vanishing for ξpi ≤ ξ ≤ 1, we will address the specific question
d whether the contribution
of the nucleon elastic peak to the moments (1) may be dual to the unphysical part of the
moments (4) of the target-mass-corrected leading-twist structure function F TM
2
(ξ, Q2).
cFor high values of n the moments of the structure functions F2(ξ,Q
2) and FTM
2
(ξ,Q2) should differ
because of the rapidly varying behaviour of the nucleon-resonance peaks.
dThe author thanks Anatoly Radyushkin for drawing his attention to this point.
3
2 The Q2 behaviour of the dual function F TM2 (ξ,Q
2)
In this work the scaling function F S
2
(x,Q2) is evaluated adopting the GRV set of parton
distributions functions [9], which can be evolved at next-to-leading order (NLO) in the strong
coupling constant down to Q2 ∼ 0.4 (GeV/c)2. Then, the target-mass corrected function
F TM
2
(ξ, Q2) can be easily calculated via Eq. (5) e.
The BG local duality of the structure function of proton, deuteron and light nuclei
has been already illustrated in detail in Refs. [6, 7]. Here, in Fig. 1, we have compared the
theoretical dual function F TM
2
(ξ, Q2) with the proton pseudo-data, obtained adopting the
SLAC interpolation formula of Ref. [10] (used also in Refs. [6, 7]), for few values of Q2
corresponding to some of the kinematical conditions of the JLAB experiment [8]. It can be
seen that the onset of the BG duality occurs at Q2 ≃ Q2BG ∼ 1.5 (GeV/c)
2 (see Refs. [6, 7]
for more details).
Since the function F S
2
enters Eq. (5) with its argument x replaced by ξ, the Q2-
dependence of the ξ-shape of F S
2
(ξ, Q2) is shown in Fig. 2(a) for values of Q2 of interest
in this work. It can be seen that at large ξ the pQCD evolution decreases systematically
the scaling function F S
2
(ξ, Q2) as Q2 increases. This is a well known feature related to
the fact that high-momentum valence quarks are slowered by gluon bremsstrahlung. Thus,
the ξ-shape of the scaling function F S
2
(ξ, Q2) exhibits a non-negligible Q2-dependence for
0.5 ∼< Q
2 (GeV/c)2 ∼< 10.
In Fig. 2(b) the results of the calculation of the target-mass corrected function
F TM
2
(ξ, Q2) (see Eq. (5)) are plotted versus ξ for various values of Q2. It can clearly be
seen that for Q2 ≥ Q2BG ∼ 1.5 (GeV/c)
2 the shape of F TM
2
(ξ, Q2) at large ξ is only slightly
sensitive to Q2, leading to the approximate relation
F TM
2
(ξ, Q2) ∼ F S
2
(ξ, Q2high) (8)
valid for ξ ∼> 0.2 and 1.5 ∼< Q
2 (GeV/c)2 ∼< 10 with Q
2
high ∼ 30 (GeV/c)
2. The result (8)
implies that the ξ-shape of the target-mass corrected function F TM
2
(ξ, Q2) at low Q2, which
thanks to local duality is representative of the BG curve averaged over the resonance bumps
(see Fig. 1), resembles quite closely the ξ-shape of the scaling function F S
2
(ξ, Q2) seen at
high Q2. In other words, in the window 1.5 ∼< Q
2 (GeV/c)2 ∼< 10 the target-mass corrections
almost compensate the effects due to the pQCD evolution.
Thus, target-mass effects are extremely important for the occurrence of the BG du-
ality, though they are clearly not sufficient. Indeed, the inclusion of target-mass effects (and
pQCD evolution) as well as the smallness of the dynamical higher-twist effects, when lo-
cally averaged, are required for producing the observed BG duality of the proton structure
function.
eStrictly speaking, Eq. (5) can be used only for Q > M . Indeed, by inverting Eq. (2) one gets
x = ξ/(1 − M2ξ2/Q2). Therefore, for Q > M the ξ-range extends up to ξmax = 1, corresponding to
unphysical, but finite values of x > 1. If Q ≤ M , the maximum allowable value of ξ is ξmax = Q/M ,
corresponding to x → ∞. Thus, for Q ≤ M the upper limit of the integrals appearing in Eq. (5) is not 1
but Q/M and the function FTM
2
(ξ,Q2) is vanishing for ξ ≥ Q/M (see Fig. 1(a)).
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3 Truncated moments
We want now to address the phenomenology of the BG local duality adopting truncated
Cornwall-Norton moments, limited to the nucleon-resonance production regions. To this
end we introduce the following quantities
M¯n(Q
2) ≡
∫ ξpi
ξ∗
dξ ξn
F2(ξ, Q
2)
ξ2
(9)
and
A¯n(Q
2) ≡
∫ ξpi
ξ∗
dξ ξn
F TM
2
(ξ, Q2)
ξ2
(10)
where ξ∗ = 2x∗/(1 +
√
1 + 4M2x∗2/Q2) with x∗ = Q2/[Q2 +W ∗2 −M2]. In what follows
we will adopt the value W ∗ = 2.5 GeV for a full coverage of the most prominent nucleon-
resonance bumps. Note that for truncated moments an OPE analogous to Eq. (3) cannot
hold any more, and that truncated moments are expected to be more sensitive to the degree
of locality of the BG duality with respect to untruncated ones. Finally, we will consider also
the truncated Cornwall-Norton moments of the scaling function F S
2
(x,Q2), viz.
A¯Sn(Q
2) ≡
∫ xpi
x∗
dx xn
F S
2
(x,Q2)
x2
(11)
which do not contain target-mass correctionsf .
The moments (9) have been estimated using the SLAC interpolation formula [10] and
compared with the theoretical moments (10) and (11) obtained starting from the GRV set of
parton distribution functions [9]. We point out that: i) the use of the interpolation formula
of Ref. [10] allows to cover the ranges of ξ and Q2 which are crucial for the evaluation of the
moments considered in this work; therefore, the uncertainties on the experimental moments
are related only to the accuracy of the interpolation formula, which is simply given by a ±4%
total (systematic + statistical) error reported for the SLAC data of Ref. [10]; ii) in case of
the proton the large-x behaviour of the GRV set has been found [11] to produce low-order
untruncated moments which agree very nicely with the leading-twist terms extracted from
a twist analysis of the proton world data.
The results obtained for the ratios M¯n(Q
2)/A¯n(Q
2) and M¯n(Q
2)/A¯Sn(Q
2) are plotted
in Fig. 3 for various values of n ≤ 10. It can be seen that the truncated moments A¯Sn(Q
2)
largely deviates from M¯n(Q
2), while on the contrary the target-mass-corrected truncated
moments A¯n(Q
2) deviates only slightly from the pseudo-experimental moments for Q2 ≥
Q2BG ∼ 1.5 (GeV/c)
2. This means that: i) the effects of the kinematical power corrections
fWhen M = 0 (no target mass), one has ξ → x, FTM
2
(ξ,Q2) → FS
2
(x,Q2) and therefore A¯n(Q
2) (Eq.
(10)) reduces to A¯Sn(Q
2) (Eq. (11)). When M 6= 0, the difference between A¯n(Q
2) and A¯Sn(Q
2) measures
the relevance of the target-mass corrections in the truncated moments.
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are relevant in the Q2-range of the present analysisg , and ii) for Q2 ≥ Q2BG ∼ 1.5 (GeV/c)
2
the effects of dynamical higher twists reduce only to a ∼ 20÷30% deviation from the (target-
mass corrected) leading-twist contribution. Note that the onset of the BG duality, indicated
by a sharp decrease of the slope of M¯n(Q
2)/A¯n(Q
2) (see Fig. 3), occurs at a value Q2 ≃ Q2BG
which is almost independent of the order n of the moment.
To sum up, the analysis of the Q2 behaviour of low-order truncated moments, lim-
ited to the nucleon-resonance production regions, shows the dominance of the leading-twist
term starting from Q2 ≃ Q2BG ∼ 1.5 (GeV/c)
2, in analogy with the results obtained using
untruncated moments in Refs. [6, 7]. We stress however that the BG local duality seen in
terms of truncated moments cannot have any OPE-based justification.
4 Elastic peak contribution
The contribution of the nucleon elastic peak to the moments (1) reads as (cf. Ref. [6])
Meln (Q
2) ≡
∫
1
ξpi
dξ ξn
F el
2
(ξ, Q2)
ξ2
=
[GE(Q
2)]2 + τ [GM(Q
2)]2
1 + τ
∫
1
ξpi
dξ ξn−2δ(x− 1)
=
[GE(Q
2)]2 + τ [GM (Q
2)]2
1 + τ
ξnel
2− ξel
(12)
where τ ≡ Q2/4M2 and ξel ≡ 2/(1+
√
1 + 1/τ). In the spirit of the BG local duality and of
the analysis performed previously in terms of truncated moments, it seems reasonable to ask
whether the term (12) may be dual to the corresponding integral of the structure function
(5) in the unphysical region ξpi ≤ ξ ≤ 1, i.e. if M
el
n (Q
2) may be dual to
Aunphysn (Q
2) ≡
∫
1
ξpi
dξ ξn
F TM
2
(ξ, Q2)
ξ2
(13)
Such a super-local version of the BG duality would be highly non-trivial, since only one
hadronic channel (i.e., the nucleon elastic peak) would be involved. Moreover, if the local
duality would start already at Q2 ≃ Q2BG ∼ 1.5 (GeV/c)
2, one would be able to extract the
nucleon form factor at low and intermediate values of Q2 from the large-x behaviour of the
parton distribution functions. More precisely, if Meln (Q
2) ≃ Aunphysn (Q
2), the magnetic form
factor GM(Q
2) could be extracted independently of n via the following equation
[GM(Q
2)]2 ≃
2− ξel
ξnel
Aunphysn (Q
2) µ2
1 + τ
1 + µ2τ
(14)
where we have further assumed the scaling-law behaviour GE(Q
2) ≃ GM(Q
2)/µ, with µ ≡
GM(0) being the nucleon magnetic moment.
gThe use of a smaller upper limit W ∗ = 2 GeV in Eqs. (9) and (11) makes the ratio M¯n(Q
2)/A¯Sn(Q
2)
even larger than the one shown in Fig. 3.
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We have evaluated Eq. (13) starting from the GRV set of parton distribution func-
tions [9] and we have extracted the form factor GM(Q
2) in case of the proton via Eq. (14).
The values obtained for GpM(Q
2) are plotted in Fig. 4 and compared with the experimental
data of Ref. [12]. It can clearly be seen that: i) the r.h.s. of Eq. (14) is almost totally
independent of n, at least for 2 ≤ n ≤ 10 and Q2 ≥ Q2BG ∼ 1.5 (GeV/c)
2, and ii) the
values of GpM(Q
2) extracted assuming local duality are well below the experimental points
by a factor of 2÷ 3.
Thus, the occurrence of a super-local version of the BG duality in the elastic peak
region is found to be very critical at low and intermediate values of Q2. The same conclusion
was suggested also by the analysis of Ref. [7], carried out in terms of untruncated Nachtmann
moments covering the full kinematical x-range.
The observation that the BG duality holds in the nucleon-resonance regions, but
not for the nucleon elastic peak, strongly suggests to interpret the BG duality as a non-
trivial compensation among local averages of dynamical higher-twist effects in the nucleon-
resonance bumps and in the background under them. Note that a close relation between
the Q2-behaviour of the background and the N −∆(13232) transition peak has been already
pointed out in Ref. [13].
5 Conclusions
The occurrence of the Bloom-Gilman local duality in the low-order moments of the nucleon
structure function has been investigated for values of the squared four-momentum transferQ2
between ∼ 0.5 and ∼ 10 (GeV/c)2. At variance with previous analyses truncated Cornwall-
Norton moments, limited to the nucleon-resonance production regions, have been considered.
The role played by target-mass corrections has been illustrated, showing that target-
mass effects are necessary (but not sufficient) for producing the observed Bloom-Gilman
duality of the nucleon structure function. In particular, it has been shown that in the
window 1.5 ∼< Q
2 (GeV/c)2 ∼< 10 target-mass corrections almost compensate the effects due
to the pQCD evolution. Moreover, the Q2 behaviour of the truncated moments exhibits
the phenomenology of the Bloom-Gilman local duality in good agreement with the results
obtained adopting untruncated moments [6, 7].
The possibility of a super-local version of the Bloom-Gilman duality between the
unphysical region at large values of the Nachtmann variable and the nucleon elastic peak
contribution has been analyzed. It has been found that the proton magnetic form factor
extracted assuming local duality is significantly below the experimental data at low and
intermediate values of Q2.
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Figure 1. The proton structure function F p
2
(Q2) (crosses), estimated via the SLAC interpolation
formula of Ref. [10], versus the Nachtmann variable ξ (see Eq. (2)). In (a), (b) and (c) the value
of Q2 is 0.45, 1.7 and 3.3 (GeV/c)2, respectively. The solid lines are the results of the calculations
of the dual function (5), obtained starting from the GRV set of parton distribution functions of
Ref. [9].
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Figure 2. The (proton) scaling function FS2 (ξ,Q
2) (a) and the (proton) target-mass-corrected
function F TM2 (ξ,Q
2) (b) versus ξ for various values of Q2. The triple-dotted-dashed, dotted,
short-dashed, dot-dashed, long-dashed and solid lines correspond to Q2 = 0.45, 0.85, 1.7, 3.3, 10 and
30 (GeV/c)2, respectively. The GRV set of parton distribution functions [9] has been adopted.
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Figure 3. The ratios M¯n(Q
2)/A¯n(Q
2) (thick lines) and M¯n(Q
2)/A¯Sn(Q
2) (thin lines) obtained
using Eqs. (9-11) versus Q2 (see text). The triple-dotted-dashed, dotted, short-dashed, dot-dashed
and solid lines correspond to n = 2, 4, 6, 8 and 10, respectively.
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Figure 4. The ratio of the proton magnetic form factor GpM (Q
2) to the dipole ansa¨tz µpGD(Q
2) =
2.793/(1+Q2/0.71)2 versus Q2. Open dots, squares, diamonds and full squares are the experimental
data from Ref. [12](a), (b), (c) and (d), respectively. The dot-dashed and solid lines are the results
of Eq. (14) at n = 2 and n = 10, respectively. The dotted line corresponds to the use of Eq. (14)
with n = 2, but including the effects of the suppression of the ratio GpE(Q
2)/GpM (Q
2) with respect
to the scaling-law expectation GpE(Q
2)/GpM (Q
2) = 1/µp, observed recently at JLAB [14].
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